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Abstract 

We construct a sequence of nilpotent BRST charges in RNS superstring theory, based 
on new gauge symmetries on the worldsheet, found in this paper. These new local gauge 
symmetries originate from the global nonlinear space-time a- symmetries, shown to form a 
noncommutative ground ring in this work. The important subalgebra of these symmetries 
is U{3) X Xq, where Xq is solvable Lie algebra consisting of 6 elements with commutators 
reminiscent of the Virasoro type. We argue that the new BRST charges found in this 
work describe the kinetic terms in string field theories around curved backgrounds of the 
AdS X CP„-type, determined by the geometries of hidden extra dimensions induced by 
the global a-generators. The identification of these backgrounds is however left for the 
work in progress. 
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Introduction 

In our recent works [|l| , , we have shown that RNS superstring theory is invariant 
under the set of global non-linear space-time symmetries (a-symmetries) that mix matter 
and ghost degrees of freedom and enlarge the space-time symmetry group pointing at 
their relation to hidden space-time dimensions. The generators of these symmetries [a- 
generators) can be classified in terms of superconformal ghost cohomologies 0, with 
each ghost cohomology class contributing its associate hidden dimension to the theory ||^ . 
Typically, the a-generators of {n > 0) have the form: 

Ln ~ / — e"'^F„2^ ^(z) (1) 

in the positive ghost number representation (where (p is the bosonized superconformal 

2 

ghost field, and (z) are primary matter fields of dimension + n + 1 composed 

of RNS bosons and fermions X's and i/^'s) or 

/ ^e-("+2)'^F„. (z) (2) 

in the negative ghost cohomology representation if_^_2(n > 0) 0. The bosonic and 
fermionic ghost fields 7, b and c are bosonized as usual according to 

7(2) = e'^-^{z);P{z) = e^-^dxiz) = die'^iz) 

and 

c{z) =e''{z)]h = e-''{z) 

The important property of the ct-symmetries is that there exist no analogues of global 
space-time transformations induced by the operators (1) at ghost numbers below n (the 
analogues at pictures above n can be obtained with the help of the picture-changing) . At 
the same time, the a-transformations induced by the generators (2) at the negative ghost 
numbers have no analogues at pictures above — n — 2; the analogues at pictures —n — 3 
and below can be obtained with the help of the inverse picture-changing. 

From now on, for the rest of the paper we shall concentrate on operators of the type 
(1) with positive ghost numbers. The a-generators with positive ghost numbers in the 
form (1) are typically not BRST-invariant (they don't commute with supercurrent terms 
of the BRST charge) and are therefore incomplete. That is, while they do generate the 
space-time symmetries, these symmetries are incomplete - for example, the operators (1) 
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do not act on the b — c-ghost sector of the theory, while the full version a-symmetries have 
to include the b — c ghosts as well. Such a situation is similar to the well-known elementary 
example of the BRST non-invariant Lorenz rotation generator in the RNS formalism 



L 



mn 



(3) 



where V^'s are the RNS fermions: although this symmetry operator does generate 
the Lorenz rotations for the fermions and fully satisfies the commutation relations of the 
rotation group, it does not act on the RNS bosons (which of course must also be symmetric 
under the space-time rotations), and such an incompleteness is directly related to the non- 
invariance of this operator. Therefore, in order to restore the BRST-invariance of the a- 
generators (1) (as well as that of the elementary generator (3) of space-time rotations) one 
needs to add the correction terms that also ensure (perhaps up to picture-changing) that 
the improved BRST-invariant symmetry generators are complete, inducing the underlying 
global symmetries for all the relevant fields in the theory. The correction terms can be 
obtained by the so called K-operator procedure which is defined as follows. Let L = 
§ ^V{z) be some global symmetry generator, incomplete (in the sense described above) 
and not BRST-invariant, satisfying 



where V and W are some operators of conformal dimension 1 and U is some operator of 
dimension zero. Introduce the dimension i^-operator: 



[Qhrst,V{z)\ 



dU{z) + W{z) 



(4) 



and therefore 




(5) 



K{z) = -4ce2>^-2<^(^) = ^T-\z) 



(6) 



satisfying 



{Qbrst, K] ^ 1 



(7) 



where ^ = and F ^ = Acd^e ^'^ is the inverse picture-changing operator. Suppose that 
the K-operator (6) has a non-singular OPE with W{z): 



K{z,)W{z^) ~ {z^ - ^2)^1^(^2) + 0{{z, - ^2)^+') 
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(8) 



where N > and Y is some operator of dimension N + 1. Then the complete BRST- 
invariant symmetry generator L can be obtained from the incomplete non-invariant sym- 
metry generator L by the following transformation: 



L L{w) = L+ m- j^iz-wr-. Kd^W : (z) 
^ / ~ wfK{z)]K{Q,rst, U} 



(9) 



where w is some arbitrary point on the worldsheet. It is straightforward to check the 
invariance of L by using some partial integration along with the relation (7) as well as the 
obvious identity 

{Qbrst, W{Z)} = -d{{Qbrst, U{Z)}) (10) 

that follows directly from (4). The corrected invariant L-generators are then typically of 
the form 

Liw) = f^{z-wfVN+,i^) (11) 

(see the rest of the paper for the concrete examples) with the conformal dimension -|- 1 
operator Vn+i{z) in the integrand satisfying 

[Qbrst,VN+liz)] = d^'+'Uoiz) (12) 

where Uq is some operator of dimension zero. One unusual property of the invariant L- 
operators is that, while being the generators of global symmetries in space-time, they also 
appear to depend on an arbitrary point on a worldsheet, except for the case N = (the 
latter case is particularly represented by the space-time rotation generator as will be shown 
below). It is easy to see, however, that such a tu-dependence is not in contradiction with 
the global properties of the L-generators as it will not appear in any correlation functions. 
Indeed, since all the w derivatives of L{w) are BRST exact: 

^tL{w)^{Q,rst,^t-'b.^L{w)} 

(13) 

k = l,...,N 

where b is the b-ghost field and b-i = § ^b{u), changing the worldsheet location of L 
leaves it invariant up to BRST-trivial terms, that do not contribute to correlators. For 
this reason, it is clear that the full OPE of any two L(w)'s is non-singular and all the OPE 
terms, except for the contributions of the order of {wi — 102)^-, are BRST exact: 

Li{wi)Lj{w2) = CfjLK{w2) + [QbrsU •••] (14) 
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Therefore the L-operators form the ground ring with Cfj being the structure constants of 
the ring (see the rest of the paper for concrete examples). In this paper we shaU particularly 
concentrate on the properties of the BRST-e:x.act derivatives of the L-operators. These 
BRST-exact operators are of interest to us as they turn out to generate new local gauge 
symmetries on the worldsheet (as opposed to global space-time symmetries induced by 
the L-operators themselves). In particular, consider the first derivative of any L-operator: 
dL = {Qhrstib-iL}. This integral has conformal dimension 1 (accordingly the integrand 
has overall conformal dimension 2) and turns out to generate local gauge symmetries in 
RNS theory (demonstrated below in this paper). Structurally, it is similar to the well- 
known conformal symmetries generated by the integral of the dimension 2 stress-energy 
tensor §T[z) which is also BRST-exact, given by the commutator of Qbrst with the in- 
tegral of the 6-ghost. As it is well-known, all the derivatives of the stress-energy tensor 
T in conformal field theory are the symmetry generators as well, giving rise to infinite 
conformal symmetry in two dimensions. Similarly, just as the first derivatives of L's are 
the local symmetry generators, the higher order derivatives of L{w) in w induce local sym- 
metries as well. The difference, however, is that in this case one can have only the finite 
number (up to A^) of non- vanishing derivatives of L (13). So the gauge symmetries induced 
by the derivatives of the L-operators are in fact finite-dimensional, although, as will be 
demonstrated below, they do appear to have Virasoro-like structure, as their commuta- 
tors involve solvable subalgebras that look somewhat like a "truncated" Virasoro algebra. 
Given the BRST-exact generators of local symmetries T/ (where / labels the generators) 
it is straightforward to construct (using the analogy with the stress-tensor) the analogues 
Bi of the 6-ghost that is in the adjoint representation of the local gauge symmetry group. 
Then, if one is able to find analogues Ci of the c-ghost which must be canonical conjugates 
of Bi, it is straightforward to construct the nilpotent BRST operator associated with these 
gauge symmetries. By definition, the BRST operator is given by ||^ 

Q = Y^C'Ti + ^Y1 f'^'CiCjBK (15) 

I I,J,K 

where f^"'^ are the structure constants of the gauge symmetry group. This operator is 
nilpotent, provided that the Sj-ghosts are in the adjoint of the gauge symmetry group 
and f^"^^ satisfy the Jacobi identities. In this paper, using the chain of the local gauge 
symmetries inherited from the ground ring of the global cu-generators, we shall construct a 
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sequence of nilpotent BRST charges that can be classified in terms of the ghost cohomolo- 
gies (corresponding to the underlying a-symmetries) We conjecture that these new BRST 
operators (while technically constructed of the currents in the CFT of fiat-dimensional 
superstring theory) describe RNS string theories in various curved backgrounds (partic- 
ularly defining the kinetic terms of string field theories built around the curved back- 
grounds), although we leave the analysis of the cohomologies of these operators for the 
future work which is currently in progress 0. The rest of the paper is organized as 
follows. In the section 2 we review the structure of a-symmetry generators constructed 
in our previous works [0, 0] and show them to form a ground ring. The derivatives 
of the a-generators are BRST-exact; they induce local gauge symmetries mixing matter 
and ghost sectors of RNS superstring theory and can be represented as BRST commuta- 
tors with certain non-minimal ghost fields. In the section 3 we derive the generalized Bj 
and Cj ghosts associated with these new gauge symmetries for the superconformal ghost 
number 1 case and construct the nilpotent BRST charge in the first non-trivial ghost 
cohomology Hi. In the section 4 we extend our construction to higher ghost number gen- 
erators, deriving the associate B — C ghost systems leading to nilpotent BRST charges 
related to gauge symmetries derived from ct-generators at minimal ghost numbers 2 nad 
3. In the concluding section we discuss possible implications of our results, particularly 
in relation to the problem of building string field theories around curved backgrounds. 

la. Ghost cohomologies: review of some definitions 
Before we start, we shall briefiy review some definitions related to ghost cohomologies 
(that are used to classify the a-symmetries), with some useful modifications (as compared 
to previous papers [0, @) The a-symmetry generators (1),(2) in the positive and negative 
ghost picture representations have been often referred to as the elements of positive and 
negative ghost cohomologies respectively. By definition, the negative ghost cohomologies 
H-n{n > 3) consist of physical (BRST-invariant and non-trivial) existing at minimal neg- 
ative picture —n and the pictures below (— n — 1, —n — 2, ...), but not above —n. The 
pictures —n and below are related by the usual picture-changing procedure; however, a 
picture-changing transformation applied to such an operator at the minimal negative pic- 
ture — n annihilates it, so there is no version of the elements of -ff-n at superconformal 
ghost pictures above —n. Example of elements of H-n are the a-generators (2) at pictire 
—n. Note that n generally takes the values of —3 and below, as the cohomologies H-i 
and H-2 are empty 0. As for explicit examples, at this point we only have been able to 
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identify the elements of -ff-n up to n = 5; for -ff-^ at n > 5 the expressions for the oper- 
ators become quite cumbersome and so far we have not been able to find them explicitly; 
nevertheless at this time there is no evident reason to exclude the existence of H-n for 
n > 5. Next, the positive ghost cohomologies (where n > 0) consist of physical (BRST- 
invariant and nontrivial) operators existing at minimal positive picture n and above. The 
pictures n and above are related by the usual picture-changing procedure; however, an in- 
verse picture-changing transformation applied to such an operator at the minimal positive 
picture n annihilates it, so there is no version of the elements of -ff-n at superconformal 
ghost pictures below n. The isomorphic positive and negative picture representations (1) 
and (2) for the ct-generators hint that there is an similarity between the elements of 
and H-n-2, conjectured in our previous works 0, 0. Things, however, appear to be 
a bit more subtle. The negative picture representation (2) of the a-generators is BRST- 
invariant and the symmetries generated by them are complete (up to picture changing). 
The positive picture expressions (1) for the ct-symmetry generators are not, on the other 
hand, BRST-invariant and are not complete (in the sense described above). So they are 
not, strictly speaking, the elements of Hn{n > 0), even though there exist no versions of 
the incomplete a-transformations below picture n. In order to make them BRST-invariant 
, one has to add the correction terms, using the -ftT-operator procedure (9). The complete 
BRST-invariant expressions (9) for the positive picture n a-generators can be, on the con- 
trary, transformed by the inverse picture changing operations to lower pictures (as will be 
demonstrated below), although the ghost-matter mixing always persists and one is never 
able to decouple the ghost and the matter degrees of freedom for such operators, even at 
superconformal picture zero. So strictly speaking, it is not quite accurate to identify the 
operators (1),(9) with the elements of positive ghost cohomologies. Nevertheless for the 
sake of brevity and convenience below in the text we shall sometimes refer to operators, 
existing at minimal positive picture n and above but not below n (such as the "abbrevi- 
ated" ct-generators (1)), as the "elements of (in characters) even if such operators are 
not BRST-invariant. At the same time, the complete positive picture a-generators (9) can 
be described rigorously and more adequately in terms of the b — c ghost cohomologies i?2n 
that will be defined in the next section. 

2. Ground Ring of ct-Generators and Associate Local Gauge Symmetries 
In string theory the global space-time symmetries are typically generated by primary 
fields of conformal dimension 1 (commuting with BRST charge but not BRST-trivial), 
while local gauge symmetries are induced by BRST exact operators (that can have various 
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conformal dimensions and are not necessarily primary) , given by commutators of BRST 
operator with appropriate ghost fields in the adjoint representation of the gauge group. 
For example, the generators of local gauge symmetries on the worldsheet, the stress-energy 
tensor T and the supercurrent S, are the dimension 2 and | fields given by 

T = {Qo,b} (16) 



and 



while the dimension 1 primaries 



S=lQo,0\, (17) 



= /|iax™ (18) 



and 



L^ri ^ j (19) 

generate Lorenz translations and rotations on the worldsheet. Here 

is the standard BRST operator in RNS theory, having overall superconformal picture zero; 
we have marked it with the subscript, as below we shall encounter the sequence of alter- 
native nilpotent BRST operators Qn{i^ > 0), existing at minimal positive superconformal 
pictures other than zero (that appear to imitate RNS superstring theories at various curved 
backgrounds). Before we start discussing the a-symmetries and the associate local gauge 
symmetries, let us consider (as a warm up example) the elementary case of the space-time 
rotational symmetry in RNS theory. As was noted above, the space-time rotation operator 
j^mn jg j^Q^ BRST-invariant and, as a consequence it is incomplete as it generates rota- 
tional symmetry transformations only for i/j^s but not for X's. To construct a complete 
version of the generator of Lorenz rotations, which acts both on X's and i/^'s one needs to 
improve L"^"^ with 6c-ghost dependent terms using the i^-operator prescription. In case of 
the rotation operator (19) the -ftT-operator prescription (9) gives N = and the complete 
BRST-invariant operator for the space-time rotations is 

^mn _^ Imn ^ ^mn _ 3 ^ ^^€''1' (20) 



It is then straightworward to check that, up to a picture-changing transformation, L"^'^ 
generate the Lorenz rotations for both i/^'s and dX^s, e.g. 

Tie'^'^LmndXP] = rep^aX- + [Qo, •..] (21) 

Note that the BRST-invariant rotation operator L"^"^ is outside the smaU Hilbert space, 
as it manifestly depends on ^. The next, far less trivial example of global space-time 
supersymmetries in superstring theory is given by the hierarchy of a-symmetries. These 
global space-time symmetries are realised non-linearly, mixing the matter and the ghost 
sectors of RNS superstring theory and can be classified in terms of ghost cohomologies. 
In our previous works 0, we have analyzed the properties of these unusual symme- 
tries, showing them to originate from hidden extra dimensions of space-time, with each 
particular ghost cohomology subsector of a-symmetries adding up an extra dimension to 
space-time symmetry group. The a-symmetry also turns out to play an important role in 
the correspondence between strings and QCD dynamics, as vertex operators for the octet 
of gluons with field-theoretic single pole structure of the scattering amplitudes, can be 
constructed by ct-transforming a standard photon vertex operator with SU(3) subgroup 
of a-generators, which truncated versions are characterized by the lowest three minimal 
superconformal ghost numbers 1,2 and 3 (given the minimal ghost number - extra di- 
mension correspondence, each of 3 hidden dimensions can be associated with particular 
colour-anticolour pair in this approach [Q). The first and the simplest example of a- 
symmetry is given by the transformations which truncated generator is characterized by 
the minimal superconformal ghost number 1. It can be checked that the full matter -(-ghost 
RNS action: 

SrNS = Smatter + Sjjc + S 

1 ^,2. 



^^matter = — / d'zidX^dX"^ + ^^dll^^ -f ^^C>^^ 



I r - - (22) 

Sbc = — / d^z{hdc + hdc) 
2ti J 

1 ^2, 



Ztt J 

is invariant under the following transformations (with a being a global parameter): 

SX"^ = a{2e'^dtP'^ + d{e'^tP'^)} 
Sil;"^ = -a{e^d'^X'^ + 2d{e^dX'^)} 

(23) 

^7 = ae^'^-^itPmd^X'^ - 2dtPmdX'^) 
5(3 = Sb = 6c = 
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so that 

SSmatter = SS^^ = ^ [ z{de'^){ll;md'' X"^ - 2di;mdX'^) 

^TT J (24) 

5Sbc = SSrns = 

The generator of the transformations (23) is given by 

La+ = j ^et>{^md^X^ - 2d^mdX^) = j ^e'i^nx, ^) (25) 

where it is convenient to introduce the notation for the dimension | primary field: 

F(X, V') = V'mS'X"^ - 2d^^dX'^ (26) 

As in the case of the rotation generator, the integrand of the a -generator (25) is a primary 
field of dimension 1, however it is not BRST-invariant since it doesn't commute with the 
supercurrent terms of the BRST charge; so similarly one has to introduce the 6c-dependent 
correction terms to make it BRST-invariant, using the iiT-operator prescription (9). 

The BRST-invariant extension of Lq,_|_ is constructed by using the i^-operator pre- 
scription (9) requiring (as it is easy to check) N — 2. The commutator of BRST charge 
Qq with the integrand of L^^ is straightforward to compute. In addition to the dimension 

1 primary field F{X^ ij)) introduced above, it is also convenient to introduce the dimension 

2 primary field 

L(X, i;) = 2dil;^il;^ - dX^dX^ (27) 

Along with the matter stress tensor Tmatter = —^dX^dX'^ — ^diprnfp^ and the matter 
supercurrent G = —^iprndX'^ the L and F matter primaries satisfy the following useful 
OPEs: 

Giz)Liw) = ^ + ... 

z — w 

^/ Nr./ N L{Z) ldL{w) 

G{z)F{w) = - — + ^ + ... 

24G("') ^^dGiw) -2F{w) 4d^G{w) + 4dF{w) - Gd^ij^dX"^ 

F[z)L[w) — —- -I 1 h ... 

[z — w)-^ [z — wy Z — W 

, 22d , 2L{w) + 20Tmatteriw) , dL{w) + lOdTmatteriw) 
r [z)r [w) = —-, H -, r-^ 1 -, ^ 

^ i3d^m'ip'^iw) - Qd^iPmdi^'^iw) + Qd^'XmdX'^ + d^Xmd''X'^){w) + ... 



z — w 



L{z)L{w) = + r^(l6T^a«erH - ^L{w)) 

{z — w)* [z — wy 

+ ... + ^ A SdTmatteriw) - 2dL{w)) 
yz — W) 



(28) 
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(where d is the number of space-time dimensions) Using the OPE's (28), the commutator 
of Qo with the integrand of La+ gives 

{Qo, e'^F{X{z\ i^{z))} = dice^F) + e'^^-^FG - Up^X - ^^LP^J ^^^^ 

where the conformal weight n polynomials Pj"'*((/)i(2;), ...,(j)n{z)) are the generalized Her- 
mite polynomials defined as 

p)"^((/>i(2),...,(/>^(z)) =e-^('^iW,...,<^„W)|!e-^(<^i(^),...,</'«W) (30) 



with / being some function of the fields (f)i{z), , (f)n{z) (note that exponents in the definition 



are multiplied algebraically rather than in terms of OPE). For example, for -Pi^^ one 



has /((/>, x) = (p — X ci-nd therefore P^^2^ = dcp — dx- So we have to consider the K- 
operator prescription (9) with U = ce'^F, W = e'^'^-^{FG - \LPf}^ - \dLPf}^) + 
he'^^~'^^F p!^^_2^_^ and, accordingly, N — 2. The straightforward evaluation of the OPE 
between K and d^W gives: 

: Kd'ie'^-HFG - hp^% - \dLP^'\)) := -8c^((FG - ^LPfJ^ - ^^LP^^)) 

-\ : Ld'ibe'^-'^FP^ll,^_^) := d\e^F) - e^FP^ll,^_^ (31) 

-8ce(FG-lLPfJ^-laLpWj 

so the full BRST-invariant extension of the a-generator Lq, is given by 



(32) 

2 't^-x 4 fk-x' 



4c^{FG - \LPfl - ]dLP^,%) - 24dcce^^-^F] 



Note that, unlike the case of the rotation generator (A^ = case), the full BRST-invariant 
expression La+{w) for the ct-generator, obtained by the -ftT-operator transformation (9) 
with N = 2, depends on an arbitrary worldsheet point w. This is related to the fact that 
Lq,_i_ is an element of the b — c ghost cohomology R2, described below. Namely, the b — c 
ghost cohomologies Rn are defined as follows. Recall that, while a /3 — 7 picture for an 
RNS operator refers to its superconformal ghost number, a b — c-picture ^ for some 
operator L refers to its representation in the form L = § -^{z — w)^V{z) with V being 
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a dimension + 1 operator satisfying [Qq^ V] = d^^^U where U is some operator of 
dimension 0, so L is invariant and w is some arbitrary point on a worldsheet. For example 
the = case corresponds to standard integrated vertex operators in open string theory 
and = — 1 case gives an unintegrated dimension vertex operator located at w. Just as 
(3 — ■y pictures can be changed by using the picture-changing operator 



T{w) =: S{(3)G{z) :=: e^G(«;) := -^e'^i^^dX^ - \be'^-^P^ll,^_, + cd^ (33) 

where G is the full matter -(-ghost worldsheet supercurrent, the operator changing the 
6 — c pictures can be obtained by the bosonic moduli integration in the functional integral 
for RNS amplitudes and is given by 

Z{w) =: b5{T){w) = l—{z- wf[hT{z) + Acd^^e-'^'^T^ {z)] (34) 

J 2z7r 



Just as /3— 7 ghost co homology Hj^ consists of physical operators that exist at minimal 
/3 — 7 picture N and above, but cannot be represented at pictures below by using picture- 
changing transformation with F or its inverse, the h — c ghost cohomologies Rn{N > 0) 
consist of physical operators that exist at minimal b — c picture A^ or above, but cannot be 
related to pictures below A^ through any transformation by Z. Thus the complete generator 
(20) of space-time rortations is the element of Rq, while the complete a-generator Lq,_|_ 
is the element of R2- In the following sections we will also encounter the examples of 
Qf-generators of i?4 and Rq, along with their associate gauge symmetries on the worldsheet 
leading to appearance of new BRST charges. 

3. New Local Gauge Symmetries and New BRST Charges 

It is straightforward to show that the full BRST-invariant operator Lq,_|_ (32) induces 
the full set of global space-time symmetries for the matter and the ghost variables in 
RNS formalism (including the b — c sector), unlike the "abbreviated" operator Lq,_|_ (25) 
generating the truncated version (23) of the a-symmetry. One seemingly unusual property 
of Lct+{w) is that, while generating global space-time symmetry, it explicitly depends on 
an arbitrary worldsheet coordinate w. This ambiguity, however, can be easily resolved 
if we note that all of the non- vanishing derivatives of Lo,+ in w (that is, dLa+{w) and 
d'^La+(w)) are BRST-exact, therefore there is no dependence on w up to BRST-trivial 
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terms (e.g. an insertion of Lq,-|- in any correlator won't depend on w) It is not difficult to 
see that the relevant BRST commutators are given by: 



= dLa+{w) = {Qo,Ba+{w)} = {Qo,b-iLa{w)} 

(35) 

Ll = d^L^+iw) = {Qo,dBa+iw)} 
It is also helpful to have a manifest expression for Ba+{w). Simple calculation gives 



+8^{FG - \LPfl^ - \dLPfl^) + 2Adce''^-'t>F} 



(36) 



Next, it is straightforward to check that the dimension 1 BRST-exact operator L^_|_ 
(which integrand has conformal dimension 2) generates local transformations for RNS fields 
that mix the ghost and the matter sectors leaving Srns invariant: 

SidX'^iw)) = e{w){ - 16d{c^G)tl;'^ - Sc^Fi;'^ 
+8c^P^\dX'^ - 4a(cep('V-x^^") + 2c^P^^\-^d'^X'^ 
+2d{{e^P^ll^^_^ - 24dccdCCe-'^)^n} 
+de{w){-16c^GiP'^ - Ac^P^^^-^dX"" 

+2(e'^P£L2x-. - 24accaeee-'^)V^} 
57/;^ = e{w){ - 2{e'^P^ll^^_^ - 24dccdCCe~''')dX'^ + IGcCCdX"^ (37) 

+8c^P^^\^^i;^ - 4a(c^PjL^^V'")} - 4de{wHP^'\i;^ 

Sc{w) = e{w)ce'^F{w) 
Sb{w) = -2Ae{w)cdiie-'>'F{w) 
S(3{w) = e{w){4^F + ScdUe'^ L{w)) 

^7 = 

It is important to note that the symmetry transformations (37) are induced by the gen- 
erator L]^j^{w) applied to RNS variables located at the same point w. If RNS variables 
located at w are transformed by L^^. located at any point other than w, Srns is not 
symmetric under such transformations. 

Next, it is a bit tedious but straightforward to check that the ring of the gauge 
symmetry generators L^^. and L^_,_ is commutative, i.e. 

[Ll^{w),Ll^{w)] = Q (38) 
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and in addition Ll^^'{w) commute with the ghost variable Ba+{w), as well as with all 
its non- vanishing derivatives (that is, the first and the second derivatives in w). Note 
that, while the dimension 1 generator L^_,_ inducing local gauge transformations at ghost 
number 1-level can be regarded as a counterpart of conformal transformations induced 
by T_i = §T{z) at ghost number zero, the commutation relations (38) indicate that the 
dimension 1 ghost variable -Ba+, associated with the gauge symmetries (37) is the prototype 
of the integral of the usual 6-ghost § 6, associated with the conformal transformations. It 
is important to stress that that neither L^^ nor -Ba+ are related io §T and §h hy any 
picture-changing (just as the global a-symmetry transformations (23) have no picture zero 
analogue ). The gauge symmetry (37) is essentially different from conformal symmetry 
and L^^ is a generator physically different from § T. Having the gauge symmetry (37), its 
generator L^^. and the associate ghost 3^+ (analogue of ^ b, the commutative ring of L^'^ 
(which elements also commute with Bc(+ and its derivatives) the only missing component 
to construct a nilpotent BRST charge at the ffi-level, related to the gauge symmetry (37), 
is the analogue Ca+ of the c-ghost, conjugate to Ba+. Since b and c ghosts satisfy the 
canonical relation 

{jh,c} = l, (39) 
the 5q,+ and Cq,+ ghosts have to satisfy 

{S«+,Ca+} = l (40) 

The object that is able to satisfy the anticommutator (40) with -Bq-i- must be a local field of 
conformal dimension —1. Since the usual c-ghost is also a primary field, our goal now is to 
construct the conformal dimension —1 primary field satisfying (40). Since the expression 
(36) for Bq;+ is at picture 1, Ca+ satisfying (40) must be at picture —1. However, simple 
structural and dimensional analysis shows that there exist no picture — 1-object with such 
properties. For this reason, we shall replace the canonical relation (40) with 

{r-25«+,Ca+} = r (41) 

with F = {Qqi^} being the direct picture-changing operator or, equivalently, the picture- 
transformed unit operator and F~^ =: r~^F~^ : being the square of the inverse picture- 
changing F~^ = 4c5^e~^'^ satisfying : FF~^ := 1. 
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Note that, even though Ba+ is off-shell, picture-changing transformations (both the 
direct and the inverse) are still well-defined for it: since the L^^. is on-shell by construction, 
it can be picture-transformed in a well-defined manner; then, since is invariant, by 
definition 

T-^Li^ = {Qo,si+'^} = {Qo,r-'S«+} (42) 

Applying the inverse picture-changing twice with it is straightforward to obtain the 
picture-transformed expression for Ba+ at ghost number —1: 

2^8 4 -160+3x-3cT 

+L X (-^aV + + - Aidcf>f + ^{dxf 

+ l{daf + Gdcpdx - \d<^da + \dxda)] 
+ \p^'A-\dL + L{\da - ld<P)) + ^Pit^L} (43) 

-Sidxf - \dc^dx - \dc^da + dxda] 
+ \p^-l{^dF + F{-\d4> - dx)) - Y^P^-h{^) 

Next, it is straightforward to check that the conformal dimension —1 primary field Cq;+, 
satisfying the picture-transformed canonical relation (40) with Ba,+ is given by: 



^ =3<^-xrp/lp(3) I i/3^p(2) \ , --f7-/lp(2) ,flj,p(l) ii/)pp(2) 



+dGLP^ll^ + GdLP^^l^ + \d''GL + dOdL} 



(44) 



•■2 <l>-x-l'T 4>-x 12 't>-x 4>-x-io- iQ <t>-x </>-x-fa-' 

+aOOe I g^<^_j^_|a^20-2x-<7 + 32^2</>-2x-a/ 

The expression (44) for Cq,+ is at the "picture cohomology H2'' i.e. it has no analogues 
at pictures below 2 - in particular, that's the reason why one has to transform B01+ in 
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order to satisfy the canonical relation (41). Having the gauge symmetry generators L]^^, 
the associate Ba+ and Ca+'ghosts, as well as the commutation relations (38), it is now 
straightforward to construct the nilpotent BRST-charge in the Hi ghost cohomology which, 
by definition, is given by 

Q, = C^+'Ll + C^+'Ll (45) 

where 

To construct the manifest expression for Qi in terms of an integral of BRST current, 
it is convenient transform the full BRST-invariant expression for La+{w) (as well as those 
for L^_|_ = dLa+{w) and L^_|_ = d'^La+{w)) to —1 picture, as Ca+ only exists at picture 
2 and above, and Qi should have minimal superconformal picture 1. Applying F"^ to 
L(^^{w) (32) twice, it is straightforward to obtain 

Li-_^'\w) = j ^{z - wf{-^d^cdcce^>^-'''t>[ - ^d^L 

+dL{-4d4> + 3dx - ^da) 

+ l{daf + 6d(f)dx - ld(f>da + Idxda)] (47) 
o 2 4 

-dcce^^-^'^i-ld^F + dF{--d(t) + \dx - \da) 
8 4 2 2 

+n^5^0+X^^x-^9V + ^(90)^ 

5 3 
-3{dxf - ^d(f)dx - -d(j)da + dxda)]} 

Substituting (44) and (47) into the BRST charge (45) and evaluating the relevant OPE's we 
obtain, upon a straightforward although somewhat lengthy computation, the remarkably 
simple expression: 

= / ^^""'^^^'^-x " r^^-HLP^t^x-a + '^GF) - dcc^L}{z) (48) 

This BRST charge is nilpotent by construction and its nilpotence can also be checked 
by direct computation. It is an on-shell operator commuting with Qq and is an element 
of Hi ghost cohomology, i.e. it is unrelated to the standard BRST charge Qo by any 
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picture-changing transformation. As was stressed above, the charge Qi (48) is an indepen- 
dent BRST charge, originating from the ground ring of a-symmetries, with independent 
cohomology of physical states. 

4. a-Generators of Higher Ghost Cohomologies: a Review 

For uncompactified critical RNS theory, Qi of Hi is the only additional BRST charge 
present, as for this case there exist only one global a-symmetry with two associate gener- 
ators of local gauge symmetries deduced from La+. In non-critical or compactified cases, 
however, there are additional a-generators, at minimal positive ghost numbers n > 1 f^, 
due to interactions with the Liouville mode or the compactified dimensions. For complete- 
ness, below we shall give a short review of the basic properties of the ct-generators at higher 
minimal ghost numbers, briefly summarizing the results of . 

In general, for a (i-dimensional RNS theory, there exist d+1 additional a-symmetries 
in 6 — c ghost cohomology R2 (with their truncated non-invariant versions (1) having 
minimal superconformal ghost number 1 prior to adding the correction terms). For the 
brevity, below we shall give the truncated expressions for these operators (i.e. before 
adding the b — c ghost correction terms); the i^T-operator procedure is performed for these 
operators quite similarly to the Lo,+ Lct+ case explained above. The remaining d+1 
truncated a-generators of Hi (one d-vector and one Lorenz scalar) are given by 

/dz 
e'^iaVV'"' - 2dipdtP'^ + d^X'^X - ^dX'^dX} (49) 



and 



= / — e-^iaVA - 2d^d\\ (50) 
/ 2z7r 



where and A are the components of the super Liouville fleld. 

Combined with ('^+iK'^+2) Poincare symmetries (including the Liouville direction), 
these d + 2 ghost-matter mixing symmetries of Ki enlarge space-time symmetry group 
from SO{2, d) to 5*0(2, d+ 1), bringing in the flrst extra-dimension 

Next, the i?4 cohomology can be shown to contain [d -f 3) a-symmetries (with their 
truncated versions having minimal superconformal ghost number 2) which, combined with 
Poincare symmetries and ct-symmetries of H2 enlarge the space-time symmetry group to 

16 



S0{2,d+ 2), bringing in the second extra-dimension. The truncated expressions for the 
Q!-generators of R4 are given by 

L0+ = f ^e''^F,{X,i;)F,{^,X){z) 
Lp- = - j ^e^^F,ra{X,X)FrM){z) 

/dz 
—e^^{Fr{X,\)F^{if,\)-F^{X,^)FrM)){z) 

/fiz 1 
—e^^{-F2{X,^) + L,{X,^)dL^{^,X)-dL^{X,i;)L,{^,X)){z) 

with the matter +Liouville structures L and F (Li,Fi and being the primary fields 



(51) 



(52) 



of dimensions 2 and | : 



F^{X, ij) = iJmd^X"^ - 2diJmdX^ 
Fi{ip, A) = Xd^(p-2dXd(p 
F^{X, A) = Xd^X"^ - 2dXdX'^ 
F^{(p, i;) = i^'^d'^ip - 2dil^'^d(fi 
Li{X,,p) = dXmdX^ - 2d^lj^r' 
Li{ip,X) = {diff -2dXX 

and F2(A, <^) being the primary field of dimension 5: 



F2(^, A) = \{dvf - \d^{d\f + \{d^fd\ 
+AaA(aV - {Q^f) - ^Aa^A^V + 'idXd'^Xd^} (53) 



i : {j e-'^^Xfe^^^X : 



Finally, the d + 4 a-generators of Rq (with their truncated versions having minimal su- 
perconformal ghost number 3) include one Lorenz d-vector and 4 scalars, enlarging the 
symmetry group to 50(2, d + 3), bringing in the third hidden dimension. The truncated 
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a-generators of Rq are given by 

= (f iie3^{2c»Fi(X, ^)F2(^, A) - ^)c»F2((/p, A)} 

J 2«7r 

L^m = j |^e3^{2F2"^(^, A, ^)dF^{X, V') - ^Fsl^, A, (^)Fi(X, ^) 
+2F2(vp, A)aFr(X, A) - aF2((/?, A)Fr(X, A)} 
= /^e3'^{2G'2(V',A,v:.)aFi(X,^)-aG2(^,A,v9)Fi(X,^) (54) 
+3F2^(V^, A, ip)dFr{X, A) - 2aF2^(^, A, ip)Fr{X, A) - aF2(A, <^)Fi(X, ^)} 
= / |^^''^{^3(V5, A) + aLi(X, V)L2(vp, A) - ^L^{X, V)aL2(vp, A)} 

J 2z7r 

with the additional matter+LiouviUe blocks given by: 

F^{tP, A, ip) = d^tjj'^Xd'^ip - ij'^d^Xd^ip + 39 V^A^v? - SdiP"^ Xd<p 
G^ii/j, A, <f) = Adij^d'^ij'^d^ - l^^d^^'^d^ + (2d - 4)(A9^A9^ - 2aAa2Aa(/?) 

L2(y?, A) = -\{d^fdx + ^(aV)^9A + ^a<^aV9^A - ^a<^aV9A 

"ri 'ri ^ ^ 

^33 5 (55) 

--(av?)^^^^/'"^ - 4a99aV5^^"' + ^V^VV''" 
L^(x, A) = a^Ai/'"" + AaV"" 

F3(vp,A) =: (y"e-^'^A)V*^A: 

Although the a-symmetry generators of i?2n ^> — c ghost cohomologies (along with their 
associate rings of local gauge symmetries) have not yet been constructed explicitly for 
7T. > 3 cases (as the manifest expressions for the ct-symmetry generators become extremely 
cumbersome at higher n's), it seems plausible that the a-symmetries also exist at n > 3 
levels as well, with each subset of the generators from i?2n at a given n adding the asso- 
ciate hidden space-time dimension (checked explicitly for n = 1, 2, 3 0). There are both 
Lorenz scalars and d-vectors among ct-symmetry generators of the first three cohomologies 
n < 3; the scalar generators have been shown to form the SU{?>) subgroup. If one takes 
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an open string photon and acts on it with the a-generators of SU{3) subgroup, one ob- 
tains an SU (3) octet of vertex operators of gluons which tree level amplitude reproduces 
that of SU{3) QCD, i.e. this amplitude has a field-theoretic rather than a stringy struc- 
ture (with only the massless poles present). The absence of an infinite tower of massive 
poles (typical for standard Veneziano amplitudes) is related to the remarkable property 
of the ct-transformations proven in 0: if applied to massless states, they produce new 
physical massless vertex operators; however, the a-transformations applied to any massive 
intermediate states produce BRST-trivial operators that of course do not contribute to 
the scattering amplitude. Thus the a-symmetry "erases" the massive poles, to ensure the 
proper field-theoretic behaviour of the gluon amplitude. Higher order a-generators may 
also be constructed in critical RNS theory, e.g. by compactifying one of ten dimensions 
on 5"^ and replacing the super Liouville mode with the compactified dimension (and its 
worldsheet superpartner) in the expressions for the generators of i?2, -R4 and Rq. 
5. a-Generators of Higher Ghost Cohomologies: Gauge Symmetries and BRST Charges 
Given the truncated versions of the a-generators of i?2, -R4 and Rq, their complete 
BRST-invariant expressions are straightforward to construct by using the i^T-operator pro- 
cedure (9). The construction is totally similar to the case of Lq,_|_ of R2, described above. 
Upon the -ftT-operator transformation, all the truncated ct-generators (49), (50) of ghost 
number 1 become the elements of the 6 — c ghost cohomology R2 (similarly to the case of 
Lq,_|_ Lci-\-) considered above). Next, it is straightforward to find out that, upon the K- 
operator transformation (9) all the truncated a-generators (51) of ghost number 2 become 
the elements the cohomology R4, while the truncated operators (54) of ghost number 3 
become the elements of Rq. That is, in the case of the truncated superconformal ghost 
number 2 a-symmetries (51) the -fC-operator prescription (9) requires = 4 and is given 



by 




(56) 



where the operators VF*^^) jji^) defined by the BRST (Qo) commutator with the 



integrands of the truncated expressions (51) for the subset of the a- generators L*^^) gf H2: 
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Similarly, for the superconformal ghost number 3 truncated a-symmetries (54) the K- 
operator prescription requires N = 6 and is given by 



(58) 



where, as previously. 



2i-K (59) 

[Qo,F(3)]=aC/(3) + ^(3) 

Structurally, the complete BRST ((5o)-invariant a-generators L^'^^k = 1, 2, 3) in the b — c 
ghost cohomologies R2, Ra and Rq respectively, have the form: 

/ 2z7r (eO) 

where ^(2^+1) are the integrands of conformal dimension 2k + 1 and Uk are some 
operators of conformal dimension zero. The ghost-matter structures of the operators 
L^^\k — 1, 2, 3) in i?2fc respectively are given by 

L(i)(«;) = l^{z- wfie't'R^-^^ + ce^i?^^) + acce'^-'^i?(i))(z) 
/ 2z7r 

L(2)(^) = / ^(^ - «;)4(e2'^i?(9) + ce't'+^R^'^^ + acce2>^i2(^))(^) (61) 
/ 2i7r 

Z(3)(^) = / - «;)6(e3'^i?(f ) + ce^+2^i?(i2) + acce'^+2xi?(¥))(^) 

/ 2z7r 

where i?*^'^-' are the operators of conformal dimension k, made of matter fields and various 
polynomial functions of ghost number currents, such as P^-^ and P2^_2^-„ with various i 
and j. For the sake of completeness, below we shall give the manifest expressions for some 
most typical operators L^^\w) for /c = 2 and 3: 



(4) 

20-2x-<7 



+ -ce^+'l'[dGF{X, i;)F{^, A) + GF{X, ^)F{^, \)P^;\ + -P1^1^{L{X, ^)F{^, A) 
-F(X, V')L((^, A)) + ^-Pfl^{dL[X, i;)F{if, A) - F{X, i^)dL{ip, A))] 

+2oaccaeei^(x,V')F((^,A)} 
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(62) 



for A; = 2 and 

x(2aFi(X, V)i^2(¥', A) - Fi(X, V)5i^2(^, A)) 
+Pj'J^(^a2Li(X,V')F2(v., A) + ^dF,{X,i;)dL2{^,X) 

~^L^{X,^|;)^F2{v,X) - ^^F,{X,^|;)L2{ip, X)) 
+Pi-xi^dL^{X,i;)F2{ip,X) + V')L2(^, A) 

-h^iX,iJ)^F2iipA)) + ^Pfl^2L^{X,^)F2{^A)] 

+ldccdiie'^{2dF^{X, iP)F2{ip, A) - F^{X, iP)dF2{ip, A))} 

(63) 

for k = 3. Given the expressions (61)-(63), we are now prepared to analyze the symme- 
try algebra generated by L^'^^ that originate from i?2fc global a-symmetries. Just as the 
simplest global a-generator Lq,_|_(w) gives rise to local gauge symmetries, defined by the 
BRST-exact derivatives L^_,_ = dLoi+ and L^_,_ = d'^Loi+, the remaining generators of 
R2, as well as those of R4 and Re also give rise to their associate gauge symmetries. For 
the remaining generators of R2, La± and Lami structure of associate gauge symmetries is 
simple and similar to that of Lq,; the generators are given by L^^^ = dL^^\L^^ = d'^L^^^ 
with L^^^ = {La,±,Lo,m) All the gauge symmetry generators commute with each other 
(just as in the case of a single La+ generating commutative ring with two elements 2 
considered above). The a-generators L^^^'^^^ of higher cohomologies R4 and Rq give rise 
to the local gauge symmetries with far more interesting structure. Each of the d + 3 ele- 
ments of L^'^\w) = {Lf3±{w), L(jci{w), Lf3m{w)) gives rise to 4 BRST exact gauge symmetry 
generators 

^a'=L(2)(«;) = {Qo,6-ia^-^L(2^} 

k = 1,2,3,4 

while each of the d + 4 elements of L^^\w) = {Lj±{w), L^p, L.yaiw), L^miw)) gives rise to 
6 BRST exact gauge symmetry generators 

^ (65) 

A;= 1,..,6 
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To determine the algebra of the gauge symmetry generators Lj^ {n = 1, 2, 3), we first need 



to calculate the OPE's of their integrands. We write 



Lt\w) = dt j ^{z - wf-V^-\z) (66) 



where the operators V'^^'^ have conformal dimensions 2n + 1 and 



V^^'^ = {Vp^.Vp^.Vpm) (67) 



SO that Vq,± is the integrand of L± etc. As the manifest expressions for operators 

(66), (67) are quite complicated, we shall particularly concentrate on the subgroup of 

9 a-generators that are the Lorenz scalars, that is, (Lq,±, L/3±, L-y±, Lq,^, Lq,^, L^^). The 

OPE calculation is quite cumbersome, although it can be somewhat simplified by using the 

isomorphism between the operators of i?2n (with their truncated versions being at minimal 

positive picture n) and those of the negative ghost cohomologies H-n-i, explained in 0. 
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The lengthy computation gives the following table of the operator products: 

1 ^ 

k=0 



1 ^ 



210 

k=0 



V^a{zi)V^±{z2) = ... + -—J2 



2520 

k=0 

1 T/^° 

V^I3{zi)Vpc.{z2) = •••+ 5 (^^ _^^)5 +6 2^ 



V'7a(^l)^/3a(22) = - + -^7 ^^^""Ts + 6 V , , n, / ^5_^ 

5(2:1 -2:2)^ fct (6 + /e)! (2:1 -2:2)^ (^68) 
^.±(^1)^/3^(^2) - ... + 5 (^73^ + 61, (6 + /.)! (21 - 22)^-^ 



[5] 4 



(- 


-1)^A;!(6- 


- A;)!a('=+2)y,^(22)[^] 




(6 + k)\ 


(21 - 22)^-'= 


(- 


-iyk\{6 - 


fc)!a('=+2)v>±(22)[^i 




{6 + k)\ 


(21 - 22)^-'= 


(- 








f n 1 7 \ 1 

(6 + A;)! 


\z\ - Z2y " 


(- 


-\fk\{^- 


A;)!9('=+2)V:,±(22)[^] 




( R 1 7^ M 

(d + fcj! 


(21 - 22)° 


(- 


-l)'=fc!(4- 


A;)! a(^+2)V^^«(22)[^l 




(6 + A;)! 


(2:1 - 2:2)^-'= 


(- 


-1)'=A;!(4- 


- A;)!a('=+2)K,^(22)1^1 




(6 + A;)! 


(zi - Z2Y-^ 


(- 


-\Yk\{^- 





v^^(z,)v,Uz,) = ... + 3 (^^3153 - 42 + lesiT^ 

F,«(.0K±(^2) - ... + 3 (^73^ - ^(^73^ + ^^73^ 

V//3±(2;i)KaT(^2) - ... + ^7- - ^7- + 



3 (21 - 22)3 30 (21 - 22)2 90 21 - 22 

where the numbers in the square brackets on the right hand side refer to the superconformal 
pictures of the generators and we have skipped the OPE terms that are too singular to 
contribute to the algebra of the a-generators {w) (where the i,j indices stand for a,j3 
or 7) That is, for example, the commutator of Lj(j{w) = ^ ^{zi — w)^V.yi3{zi) with 
Ljctiw) = / ^iz2 — 'w)^Vyo!iz2) won't be contributed by the terms in the OPE of 1^/3(2:1) 
and Vya{z2) with the singularity order of (2:1 — 2:2)"^ or stronger, therefore we skip these 
terms in the first OPE in the table (68), starting the expansion from the order of (2:1— 2:2)"^. 
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Using the OPE table (68) it is not difficult to compute the algebra of the global a-generators 
and of the local gauge symmetry generators = d^Lij of the associate gauge symmetries 
(as before, the m index runs from 1 to 2k for the gauge symmetries associated with the 
generators of R^k; that is, /c = 1 for L^±, /c = 2 for Lf^, Lf^ and k = 3 for L"^^, L"^^, L^^. 
First of all, simple calculation using the OPE's (68) shows that the 9 global a-generators, 
Lij = {La±, Li3±, Lj±, Lpce, Ljol, L^p) satisfy the commutation relations of U (3): 

The computation of commutators of the a-generator's derivaves using the table (68) 
is straightforward as well. It is convenient to redefine the generators — > according 
to 

r m 

^^"±=(4^("^=^'2'''^) 
K. = 77r^^ra=l,...,e) 



(70) 



(6 — m 

r m 

rpm _ ^113 



Then the commutators of satisfy 

\T^n^T-^2] = - ^)i^^23.T^J,'' - Snj2Ti:;r) (71) 

provided that of m + n <2k where 2kr.h.s. is the order of the i?2fer h s cohomology of each 
corresponding operator on the right hand side; Otherwise, in case if m + n > 2kr.h.s.i the 
generators commute. Schematically, 

[Tf , TJ] = (m - n)ffjT^+^{m + n < 2kr.h.s) 

(72) 

(m + n < 2kr.h.s) 

where the capital indices stand for / = (^l,Jl), J = {12-1 32)-, etc; f^j are the U{2>) struc- 
ture constants, so the algebra of the gauge symmetries associated to R2k{k = 1,2,3) 
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CK-generators is isomorphic to U (3) x Xq where Xq is solvable Lie algebra consisting of 6 
elements xi, ...,xq with the commutation relations given by 

[xm, Xn] = (m - n)Xn+m{m, 11 = 1...6; m + n < 6) 

(73) 

[xm,Xn] = 0(m + n > 6) 

Given the T^!^ generators of the ^7(3) x Xq gauge symmetries , it isn't difficult to show 
that the generalized 6-ghost fields (in the adjoint of U{3) x Xq) satisfying 

L-] = {Qo,d^-' ^B.j} (74) 

are given by 

^Bij = b^iLij (75) 

similarly to the simplest case (35). Given the generalized 6-ghost fields of (74), one can con- 
struct the generalized c-ghost fields Cij, conformal dimension —1 primaries and canonical 
conjugates of B^j, satisfying 

{^5,„a,}=:r": (76) 

where F is again the picture-changing operator with n = 1,2,3 for Ly's of R2, R4 and 
Rq respectively. With some effort, it is possible to derive explicit expressions for various 
Cy's. For the C^ 's corresponding to L^ 's of R4 the expressions are given by 

C{f ^) = e'^G'e3<^->^L^f|*;^P^'J^^ + {Qo, d%dbbe^^-''^L^^If'-} (77) 

where F^^-j^'^'^ are the conformal dimension 5 matter parts of the Lij operators of i?4 given 
in (51), L^^g^^*^^ are the worldsheet superpartners of F^^^-^^'^'^ satisfying 



and Qo is the ghost part of the standard BRST charge: 

Qq = Qo- j ^{cT- bcdc) (78) 

The generalized C^-ghost operators (77) associated with the R4 gauge symmetry gener- 
ators (70) are the "elements of iifs" (off-shell operators existing at superconformal ghost 
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pictures 3 and above, but not below 3) satisfying the canonical relations with the R4- 
associated 5y-ghosts, up to the double picture-changing: 



{f^Bl-%Cl-^'}=:T^: (79) 



Next, the expressions the generalized c-ghost fields C^, corresponding to the gauge sym- 
metries associated with the elements (70) of are given by 

where the conformal dimension ^ primaries FJJ^^^^ are the matter components of the 

-Re-generators of (54), (61), (63) while the conformal dimension 9 primaries L"^?g*|'^'' are 



the worldsheet superpartners of F.™"^^^, satisfying 

*Jl 2 i 



matter ( \ 
ij(9) V^)- 



The generalized Cij-ghost operators (80) associated with the derivatives of the Rq a- 
generators (54), (61), (63) are the "elements of i?4" (off-shell operators existing at super- 
conformal ghost numbers 4 and above, but not below 4) satisfying the canonical relations 
with the i?6-associated -By-ghosts, up to the triple picture-changing: 

{i^B\^^^C^^]=:V-: (81) 



2m 

Finally, given the U (3) x Xq gauge symmetries induced by TJ" = T^^ (capital indices stand 
for the abbreviation of (ij), as previously), the generalized ghosts Bj = -By, Ci=Cij and the 
symmetry algebra (71), (72) (70), (75), (77) it is straightforward to construct the nilpotent 
BRST operator associated with the U(3) subgroup of ct-symmetries of R2n{n — 1, 2, 3): 

6 m+n<6 

(ClUTP + E" (™ - ^)f"''iCl)m{CjUBK)-m-n (82) 

I m—1 I,J,K m,n=l 

where f^"^^ are again the appropriate U (3) structure constants and 

C? = /i|."-C,(.) 

~ . X (83) 
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Depending on the values of /, J and K of the U (3) indices in (82), the generahzed Bj 
and Ci ghosts entering the expression for Q2 are related to the various classes of the gauge 
symmetries derived from the R2 , -R4 or Rq cohomologies (with the precise expressions given 
in (43), (44), (74), (77) and (80) for each cohomology case). 

While the manifest integral form expression for Q2 is quite complicated (far more 
complicated and lengthy than for Qi of Hi constructed in (48)), it can be shown that 
structurally it consists of three terms which arc on-shell (with respect to Qq) and arc the 
elements of superconformal ghost cohomologies Hi, H2 and H^ respectively; while the 
Hi part of Q2 contains Qi of (48), the H2 and Hs ingrediants are related to the gauge 
symmetries associated with the geometry a-generators of R4 and Rq. The BRST operator 
Q2 (82) can be shown to commute with the nilpotent BRST charges Qo and Qi of the lower 
ghost cohomologies. It appears that Q2 describes RNS strings in curved background which 
is shaped by the geometry of the extra dimensions induced by the U{3) subgroup of the 
CK-generators. We leave the detailed analysis of this geometry, as well as the analysis of the 
cohomologies of Qi and Q2, for the future work. It would be very interesting to generalise 
the construction described in this paper in order to build the nilpotent BRST charges 
based on the higher order b — c ghost cohomologies i?2n {n > 4:). The expressions for the 
CK-generators involving the higher ghost numbers are, however, increasingly complicated; 
understanding their structures clearly requires further effort. 

6. Conclusion and Discussion 

In this paper we constructed a sequence of new nilpotent BRST charges Qi (48) and 
Q2 (82) consisting of the currents in superconformal ghost cohomologies Hi, H2 and H^. 
The construction is based on the sequence of hidden local gauge symmetries of the RNS 
theory, associated with the ground ring of a-generators, that are classified in terms of 
the b — c ghost cohomologies R2, R4 and R^. The a-generators, in turn, induce global 
space-time symmetries originating from hidden space-time dimensions. The constructed 
BRST charges thus appear to describe superstring theories in various curved backgrounds 
which geometry is shaped by the extra dimensions induced by the global ct-symmetries 
in R2n{'n = 1,2,3). In principle, the construction of the nilpotent BRST charges charges 
could be extended to higher n > 3, as there is no clear reason to exclude the existence of 
CK-symmetry generators and their ground rings at 6 — c cohomology levels i?2n with n > 3. 
At present, however, we do not have the construction for the n > 3 cases, as the expressions 
for the generators and their OPE's become extremely complicated at n > 3 cases, with the 
technical diflficulties always aggravated by the picture-changing. Our preliminary analysis 
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shows, however, that there exists certain underlying principle defining the structures 
of the ct-generators of higher cohomologies; if one is able to advance in this direction, this 
could probably simplify the construction of the BRST charges for higher n's. As was noted 
above, the new BRST charges constructed in this paper define the sequence of RNS string 
theories constructed in certain curved geometrical backgrounds, typically AdS (in the case 
of Qo + Qi) or AdS x CPn-type (in the case of linear combination of Qo, Qi and Q2) 0; 
these backgrounds have to be identified by the constraints that the gauge transformations, 
induced by the ground ring of the a-symmetries, impose on space-time geometry. The 
work concerning this problem is currently in progress and we hope to clarify the related 
questions in future works. Since the charges Qq, Qi and Q2 commute with each other, 
their combinations , such as Qo + Qi^ Qo + Q2 or Qo + Qi + Q2 define kinetic terms in 
certain RNS string field theories (SFT) built around the curved backgrounds, mentioned 
above. For example, the preliminary analysis of the cohomology of Qq + Qi charge in open 
string theory shows that its cohomology consists of a single gauge boson: 



V(k) = (p e-^'^{{AdX){kdX){ki;) + {Ai;){kdij){kij){Aij){kdXf}e'^^ 

kA{k) ^0;{kf = 



(84) 



with no massive states at all. Such a spectrum is typical for strings in AdS-tjpe background 
which are known to be dual to gauge theories 0,0, [0 , |]TT[] . In general, we expect the 



backgrounds, corresponding to new BRST charges found in this paper, to include those 
of the AdS or AdSq x CP^-type , with the CP^-structures related to subgroups of the 
Qf-symmetries restricted to certain ghost cohomology classes. The particular background 
geometries, however, depend on various choices of different subgroups or cosets of the 
underlying a-symmetries. For example, the CP2 ~ g'[/^2) X u(i) fibration can be obtained 
by taking the t/ (3) -subgroup (67) of the a-generators, factorizing by SU{2) generated by 
Lap/La-y and Pq/?, excluding La+ (playing the role of P(l)) and defining certain linear 
combinations of the remaining a-transformations up to Pq_ (which is possible since the 
latter commutes with physical vertex operators ^) 

Exploring the new SFT's based on these new BRST charges could be useful in order to 
develop the non-supersymmetric versions of AdS/CFT. In particular, in the d = 4 case the 
gauge-string duality can be understood as the duality between closed SFT built around 



the AdS5 background and the loop equations in d = 4 [|T2[ , with the BRST charges 



of the curved string field theory being dual to the loop operator in non-supersymmetric 
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QFT. On the other hand, studying the string field theories with BRST charges related 
to AdSq X CPn structures would be useful to explore some other remarkable examples of 
AdS/CFT dualities, such as the duality type between IIA strings on AdS4 x CP3 and the 
't Hooft limit of three-dimensional SU{N) x SU{N) gauge theory describing the effective 
worldvolume dynamics of M2 branes fl^, [|14|- In particular, it would be interesting to 
relate the symmetries of Bagger-Lambert and ABJM three-dimensional theories to the 
gauge symmetries associated to appropriate ground rings of a-generators. This, however, 
would require a better understanding of the Rg cohomology of operators which structure is 
still obscure. Another challenging development would be to construct BRST charges that 
would imitate M-theory dynamics on AdSj x CP2 that could perhaps shed some light on 
the M5-brane worldvolume physics. We hope that the results presented in this paper will 
be helpful for the progress in these directions. 
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